RING6S

Detimbin: (R, *,) s a riny it (Rt) s on abelun Ooof
(R,") 7o a somigap ands we have distributive” law
bebeen, T and *

Rl oo vigs  will ke unita) 1R nestal ond -

Ml oo Fings wll be  commitubive ° VX;YéR" XY = ¥X

0€R 75 a nbil kst umdy *.

The triml ping has 1= 0.

Ottinbion: s €R 5 @ unt (wbible elemayt) & Ghue exishs
U SR swh Gt WU =vw=1 Then v=u"

R*=R" = 6LR) . wits of R
Detvition Ry howowrhin &5 @ mp 9 R=>R' thab pesas
oy 1

B Lonophisn 1t 105 0 bjective Downophsm R=R.
Ewdx)marphism 5 homornarph/‘sm R% R
hibmogin &5 o bijechive endonaghn R—> R,



Deﬁ'mbion; R“ QR 15 d 5ub‘h‘n? it R“ b Q rinp (Undfly ‘f),'
tom R) awd R">R &0 b)omamphibm (1 ¢R")

D{’Jﬂmb)m Rba)Wbm, 5 Q h’”ﬁ R) wl-bu a M(}MOMIP}WW) \r;RﬁR)I
we call 6 struckue " Domomarphism,

Rework: Evwy nng is a2 olhra.

Débibion’ R-olgtbro, howmahisn bebwen, R ad R % 4 ring
homamarphivn  Glwt's compolible with sGndjue  maps’

R g
ZON
R ¥ R
Fxale, Owallsli— yontriviol g s uo elonents’

F, = 10,15
Exanple: R rng, Y ot

R = {maps Y=RS & a tinge with spe o poiwise
opindbions,

"f/?éRy/ 7/6>/

(£9)y) = ) 790
M;%y) = %&)'g%)y

dadity el of R 15 the condont fomcbion 4
Rings ot~ prlynominls



9= RIX,,.., X

P s Che 1’0)’01!;1‘»9 Univnsal prapby (UL)

Vf’ R—>R hommoyh;}m ‘ Vd/,,..., Oy € R‘:

3w P=>R = Th=¢ A Vifn T =a
R = 9 =R%,., Xul |

Nﬁ/\

oS ) -5 o(m) ai'~a,"
IDEALS
Detinibion' L< R 5 an ideal f:
DT =
8) r ¢ R, xel X%y/rgel‘
A URE, ={§@5s j as¢Ry =0T
.. il ot R, gowiled by S
~ omallest ided Ehili cotains S

a.6R: (@=1ra,;reky=Raq



Fn’noipa) Idf’al, Q{,moted/ 10/ Q
Operahions o [deals

T, (\eA) ideals of R

N 12by j ba €Iy A oily Hiitdy may b, 0
= omallest ideal holi caitams al T, (AEA)
- (YT
0T, <R , OL~R
T =<dTIhj A e A by IY)
t #A¢e wy /\={4,,..,n3/ then TATIA’-‘LL"L.
For T,d « R, the tmuspoter s (T:0) = {xeR, x<I}<R,

For T,d,K4R, we hwe T '(0tK)=10+t 1K
LR i prpor it ISR

T<R & trival ¢ L=10b.

4R | I=R & |{&]



(=) Obyigos,
Gt 16l tube ek

Thn rr=pqel.

Sy T=R © TnaR #0
X &R =K & xR
(&) Fagy
B<p=R = dy: xy=1 = y=x7", xR’
p:R=>R", TeR « G@n=1° <R’
.. WGension of T

T'aR' () = T° <R

.. conrachim of T
Quebient;/Lactor rings’
P R=R = dorp =470 < R
horp =<0) = ¢ 1 mebve (11, ontoome, ape=ome)
Hawy T <R,
For coste {x*T jx¢RS=R/T we add-



(x+T)+ (y+T) = (yty)+ T
(X+T) (y*T)= (xy)+ T

T s R/L o o 1ng. We call it a Quibionh or
fackor ring,

K R= R/ s b commied gvabiwt Jomonarphin
(P Xt

K b suecte

br K= 1

P R>RY = Ry = iny

R, T4R, TeJak, Kk R=>R/T

VI ={y*I; yeds = KW R/T

Mops > /T and ' K)o e o each
obay, hwnce bijchios ot 1 itwls of R bhet contain T and.
{jdes ot P/Jj

Ues

Pmposi’m"on,‘ Havq, 9=R[>(], q° R L(’/t I ?%R be Lhe
R=alyebra. Imamorphisn suding X toa. Then’

a) b 0= {Fe®; Fa=0% = {(X-a)
b) P/ by = R

.
.



Pt © = X-a
YFeQ: JHe®: dreR 3 E=GhH
By lmwity, it's semt to prove ths fr £=X"
=X X=X (6ra) = X 1 g X
Ropest ths, now stutimg with X" .
a) (F) = m(&) w(H) + mlr) =
e E eyt < w(F)=0
= =
© F=(X-a)H
© F e (Xa)
b P/ ke T = Il =R
Degies. ot o palyomin)
R ring, 1 €N
= WX X

DEFefp - deg = ma{ degt) 7 M s 0 monomg
agpaaig in F 5

[ = Xfu X:m (“/i e )



oy M = 2 i (bl deyyen)

deg(p) = =<

FGe R (Fheld = deg (F6) AABQ)F*da?G

iy wowwinl  tht mzm FO wot th fom M, for

0, Ionoia] ”46F
Beware: |y qewral ey (F-6) # degl™ * dg &
Zqu‘

F = X
6~ 2X

IDEMPOTENTS

LR b iduptenl f €°=e

Fon Re =& ba g with ity dem o
(e)e = xe” = xe

Uss 0=1, Re, is ndb o siring of R!
1=¢=¢'=e" i the conplowwrtory empebont
(1) = 1-2e 0™ = 1-26 0 =1-¢

Me: ¢(1-e) = g-e*<e-e= ()



[ eyese R sbdy o,76,=1 andr €5€,=0, bhen thy oo
Complenentony  iclowpoteutys

=0l =0, (ute) =efree, =e)
ldem(R) = 1 idewpdtuts of RS
Elawple From R, R" rings, fom R = Q" with copomibny "
Then:
(0,00 © vl elweit o *
(1) 15 eabral sty or
e = 10 aud "= oo comlomibuy ivompolents

it Lok R bearimy and 0!, 0" 6 R comlwabony oo,
b R'=Re' wd R'=Re"

Detime ¢+ R— Q<R

x> (xe, xe")
Then P Ban oo ol R'= R/R¢ , R'=RARe.

Priot* Comsidne 9 R=>R"
X ye’

:[L) I a_ hawonsrhi
Plxy) =€
PP = xe'ye! =%y ) =xy e



by 9 =R = Re’
% Eyp' © xe'=(
> ¥=x] =X [e're") = xp' +xe" =xe" €Re’
X6 x=ye = xp'= >/__<_a‘;e’ ()
>m =R A R'= R
omilbrly, e bhave
P R=R

)(H)(@”

)Q/Y ) — R)
in 1;)I\ L R)\

> R"=R/Re
Then = ¢! {") b4 owowarphim,
b = 02
L& bmp > x0'=0 A xe'=0
= X:(Oe;e") =x1=¥
mp=RxR

(%)(’), )(n@n) e *{)(%)C) 1_)()»6;1)



Then ¢ 15 an sonaphin,
PRIME  IDEALS
X ER b a 200 diisor = Fy ¢RI xy =0
Othenisy,© X B a non 260 divisor
2divR={ %R 200 dsw'§
S50= 1%x&R wn 200 divsors  milbiphstion set
Debiion: S <R &5 miltipleative it 165 and 55 S,
Detiti: P4R &5 prime. i# R\P is  pultipbuative

Eguiva)ml}ly, P4R s prime, it wheney a'b € P,
we hae a€P or beP.

Temindogy’ Ring 5 coled o fiekd it O #1 amd ewry ponzero
elwnt 5 mmbible  (ex: @ R, CL,IFZ).

Rl‘n? upt, <O & o, prinv idaal s an (nfegal) dowain
(cel Lolobay).  Sudh @ g s 0 onomo 200 dlviers,

it R begr) dlowein, We ca form s {ld of tractions:
Fr(®) = {# ) a©R, beR\(o}S
Evey inegol dowai, T a subrng- of 4 fied,

y 7



Commsialy, it R 15 a sobrg ot o fold F) Chem R s au gl
domai,

Univai)  prpay for Fruc(R):

Euch ewbudding ot o, dowain R by o il F,
R = A}\:

\ '3}

er/aa([z)
edouls 60 Froo(R) > F
I(%) = H
We can fom pobnowial rings  over integral clawoing PERIM
P bdet o dowin & dey(F-0) = dey(F)+ dey(6)
We ady P wibh gded, \excographial ordring: (grlex)



Order wonawiols, fiy by dope, ) Ghen (exicagmphicaly wibhin,
6N sane dogre,.

Fwory all mowwicls ot F€8 g N lnge ome. This s
LH(lﬁ) or lsdmg wowwnl ot "

Leodimo b ot F oor LT(F) & then g LH(F) # aLM(F)
fir a¢R appans m F

e cl o Ghe lead cotfwmt of F or LO(F).
Eioel 2 ITIFH) = LT("@LE(RG)_

Then a'b#0 beaws R 5 o domain,

dip(rn) = doplo) + daglo) = lyp(F) + ()

diyUn) 7 dogn' )t ary mowmials ', '

iy W #n aud "'#n, e i é’ylex M b]’ nax
ot mp.

tewe  LT(F-6) = ab mn = LT(F)-LT®).
=9 5 a dgmain

t P& oa dman, ve can fom ild, ot rabima funckions
Frac®)=K(X) whwe K= Frac(R).

Pr=K

t FG=1 {0 F.GeP, tin dip(F6)=gF ~dgf
50 dﬂszd@@"O, 50 F,/(?&R. “ P



Beva, H Rt g rig, the dywe equbion wil wt pald
[t 0eR solifis a*=0, thn (1-0X)(taX) =1,
Lemma, Leb 95 R>R" bea hommophm and T< R
)T 5 plbiphaative, Ehon so 15 97'(T).
b 1 p & anbo (surjective), Chen alsg The commst holds,
Prot 0) 5= ¢7(T)
Since ) =1, we e 1€5

For ’()7"&6/ We lopwe f&)’)’f&)‘f()') el[r T)
s %y & ¢7(1) =5.

o) Now - osume S = ¢™(T) 5 wolbplustive. e e proing
| B t/m/HiphZa’vive,

el one 165 oud l)=1

* Oen x',y'e T, bhen thme et xyeS
suh thab X' =) and  y'=Ply) Them xy€5
ml Phey) = PU)pb) = X'y € T

Cordary* Hove $°R=R" hmowrphsm, J 4R" aw T=97(0)

@) H () v Q prime ﬁ‘eld, Chen 50 IS N
DI/ 9 s oo amd I s pme, Ghon d 5 prim.



Pt Apply lowma to T= R\
Cordlary' L6 PaR . Then P prim it R/P 15 a dowan,

Frample: K pn
s P='l2"f£x,ﬂ

Then: 5/P = RIX]
% P ia phirt > R s a doman
NAXINAL IDEAL

Debiitin: M4R &5 a mimd il # M ER apd thee 5
m T <R sih tt M &I 2R

Jopotion: Ring: R 1 o fdd & [0) 15 o ek il
Ot (D) Soppme ) #L4K.

Then G eisls [ #X &L Then e existe
' eR s R b a field. Nence 4= XX“ el

o, T =R

€ Pk xR\, Thn @ 4> aR kel
16 &0, s fﬁm I YR sush bl Xy = 4 Thal> s,
XER T mmbible

Corlary th Ma avim , MR Then M s a mx e
R/M s aj(lel&




ot M o o il mR = (0) & o wx wol m RM
SR b o hid

Calury* Evoy max. ol 55 prive.

Prof* Evey fild, is an infegnl domgin.

Dlowply’ R nkegal  lomain

5R>‘=)2E><,Y]

Xy &Yy ¢ P

= (XD prve ideal Chat 15 el max

Y2 AP bomt = BRGYY =R | oa fld

bk gﬂnfg[mxe/\]
Vaed: P ayeR
M=<{Xs"apr ; AeA)
> 5/M =R
500 M mx <R fuld

[Teoem Evmy  propmr el 15 contmedh 0 @ ot
Prost: T 4R



J=1J ¢R ; T=d$

Sme L¢3, 3#4

Considar o, chain 1Txj \eAS 3.
Then & J= ULx 4R,

Sie 1¢ Ty, 140, 20 J 4R
SIMeY wan olnost

Then M o max il Eho couboms L.

Comllayry® Hove R ringy 00 . 6. Thn x &R~ i x dums ot
e i a wax idel,

Prost = x6R* & {x)=R
frome© x £R* & 4R
< JHIR: xer MR

FACTORI2ATION
R infegral  dowain
@ unit e JyteR = =R

s b & JoeR oo ela)
.t A & <o)



ab o assosafes <> 4R a=ub S =
b & bla,
abapper < JucRib=9q o (he@eR
dinor ot b v 0,9%R
O edikle < @ ERT Kahs S @) m Qg
o prapr clivisors Principal - ideals
Pl a print tlewaif < f"éRx & i <P> I5 a prine ded
(plab = pla. or plb)
peR  nonunib
s
pivr/ p Wb irr
-:JPMPZ 6Rx:
P~ P1Pz

N

PP It l/ P o rr

Detintin: & domam R 15 uninee Huctwizabion. dowain, (UFD), i#-

1) Eoch nonzero el ot R 5 4 s of: reducible
elomte and omis.

2) Hudh ﬁer:Mblvms OR Umyue, Up Go ooy and omis.
Proposition. An inb. damam R 5 JFD &



Proot

o) Every ascondiny chain ot pringple.  ieal
. oy €409 .. Stubiles - (ACCP)

i6) EVery  inreduible  element s prime

RN )=y Z ., Ghoy Linli
Qi/0sin 15 it o, umb.

So G mmbey ot jneduibly, facbos of 05 stricdly
dieuse, oL adh dhtp.

Ths comit  Dappen fdefetly, s0 ACGP ulds.
i) Sppon p > Ineduable i, plaby. Fodor a,b.

Then (N Unyveness  OF fagtoraghion, Toes p o be
ossocle with “one of @ or b. Thus pla, ov plo.

() 4) e 0, €R dees w octoy by Ml
In paticolar o, & whh ineccible.

S0 thery exist anh,€ R 50 Q=Qrby. Thus
(@ % <w), <850y,

Withot loss of guomally (vlog), @, 1> ako Wb {axd;or
0{ [YWOfblﬂS. b 05 llle’/, Ay = a/zbz %r az,bl¢R )
Thos {aw) $<0J2§. Repedt this on v .

S w e <0) $<an) £00) .. inbinike duy
ot v deals

<X—  AGP
) Sppon P = 9,70 o idubs i, ;




I+ pi b elucibl fi o phvd. 20 Pi |Q,"‘Qn.
ke pi s pm P 'U fr som 7

B 0j T Madieible ) o i conaly bove  propyy dinsors.
o0 Piand 9; QR ascocisles’

9V9 - Uy Fi for som ilfjeRx

S cancel Pi and 0y it (*) and conbime
by induction.

Evanple Eamples ot UFDs:

Frlds, 2, ROUFD = R[,.., %
Exalo’ Exomles o wb UFDs

FOGY, 2% =27

205 ])={arbT5 j abe2y,
bwwsc 6=2'?)=(4*V:75)(’1"ﬁ)

Detinbin: A dowain, R 5 @ pn‘nupa) ded dowam (PID) 7 every
jdes) 15 principal,

Exawple Evamples gt PIDs

Fields , 2, X1 (pywomils on_ one vl o hlds)
Exowple Examples of wat P1Ds

FIx,v]



Proposion’ Lg5 R be. a PID.  Then
a) Every ireduaible, dlpwart print,

b) Every nonzero prive. idaal 15 wx.
)R © UFD.

Proot a) Mg o ineduable. Suppon (9) €T 4R, Say I=<0)
(by PI0). Hence <q§é<><>, o0 X|9 . Hence x oy
ot gsocisl, 0r X 5 a umh, Simce SO =T FR,

X € RX. 20 X, 9 0K aasoq‘ok, 1.0, I=<Q> ond, <z>
o o mot il This <92 o pime ool ond 9 B
O prine elemenp,

I O #P=Cp 4R 550 prv il Tha p s a pre
el By B), <P is q wex idul.

A)To pow R 55 UFD, it sutties (by (@) o show
ACOP. Suppose (L | nel) i an ascendingy Chai
of iesls n R
Lel, el

et T=UL;2R. By PID thae exsls deg,

suh i T=<db). This thwe eists n& I, such Chab

deTn Thn T,2<d) =I=UJ_{,‘. So chaip
stubilizes, ab L. 9

Exanlo: Soppose. K 15 P10 and, gk peP prns sy
Then <;> 4R sa pint ideal) so mx by (b) of propustion.



RKp = k. Lield)

=R

OeP

~> 6 LlX] wdie celhvients wal, <
Soppoe, © is irveduble. Fom [1=<p, 6P
M s o mx ideol.

UM £ LI/(B) 1oa ddd sme kI Ba PID
ol © i irredveible

RADICAL [DEALS

Definibion” Jacobson rodeal ot @ vimg R, J(R), daelR), ml(R),
i Che infersechion of all max eals of R:

-
Fropositijon Yli{n? o L5 K L il K’
Y 6

x¢rdR < YyeR: g-xy <R
- pooticular

R™t wdR =K

A-T=R" =T =mk



Prot: (3 Suppam X6 pad R ) H%‘IXR b sopposy  (L,™XY € M
tor sam, ¥R,

oo & JadR <M, we have wexytM<M

N
)ZaN

(I % €rdR, thn bhue exsts MOR suoh thas
x£M

Then Mr&O=R by maowedy of M

fewer, Ghow exsb ) Romd m&M such thib
XY *i = .

S0 Uy =meM, tha 15wy £R*
I porboly
e, 4R, y=-1

>yt e R’
' xel yeR

> 1-yy e {-T «R

ObOVY

= % € yad R

Conlary : T 9R, ¥R~ R/T guotmm; l/)()momorphfsm
T =rdR

= Klimpiotso * Idem(R) — e (R/T) Wechive,



Proot |6 e, €R be dompdenls with X(e) = H(e)).
b X =eme)

> = ¢ -3’ + o) - (o)
= &-300' *De¢) -¢/
=lo,rer =I%
= y-x* =0 = % (1)
From M) =0 we e x €L
By G popositon, 1-x* ¢ R, becamy x€ miR
> %=
Detintion: Riww Rois local, it it hos oly ow et i),

Rig R & sumilocal) i 15 bos ity mawy
ay.  ideals

The residve, field, ot o lacd ring (R, M) s R/M
Lomma, R ring, N = R\R™ bhe, stb o vom -umibs

R lua = NaR

I s case - N &5 Ghe man idl of R
Pt EFach T4R i cotumed m N s TR =4

It N4R, thn & mot be o max idea) ands thus
the max, ideal o K.




EXomple,

E Yanple

) RMN) el = RM=R*=RW = N=MeR
R\"R“’"R for  monbnvig] RI; R s b local’

(1) = (10)7(01) 5 som ot Gwo non~umits

[tow R rimg amk n&N. Formal power series in

Koo Ko @t formal (@) series of the form

> 4N X, whoe 6 Ny and 0,3 R,

Qo =" comh coelt

WQ/ (J[M/ anl Wvli}l‘ply F PS as Wy do l){)fHA polywom;‘als.

Ring ot FPS il denobed, os RILA,.. Mn] or
RIX,, ., o1l

I 1= <X4,.-.,>(n> \ RHX_]

Thep 2@ X" Yo —> q, RIX]—R s
0 suechive Dowamerghism with Loml |

RIXT/T =R

» MR Ne=T+MROxJ ¢ RO
>RUKU/N = R/M

= 2ol o RIN
FeRIX™ = a,eR*



() Sppue. F'= 2 @i 0" Y™ s FF'=1.
This 1=FF' = (5 aiXHd) G agx - 4 2)
= Qoo * 1.
Hews @othy =1, 5¢. o ®R™
EF = a,(1-6) twrsm 6L
F'=0,;" (176767 ..) & RIXI
>FFT=1
>F e Rlixl”
* e (RM) locdl riwg. For F ¢ RDXU, it F2N,
tien ibs conb tom 0o £ M. Mome a0 €R™ and

b =€ RN

Howee N = pormits of RIXU, so (RIXT, N)
s o locol ield,.

Propsition Leb R be o rimg, SR mulbiphative sy ooy T4 R
with ITnS=4 Fom 3={U4R; I= x InS=71

Then J cobans max ckwts (Wit ) oud eads suh
i, eleowss 5 g, primy idtal

Proots Suppme, T€J # 4
Leb (s b a chan i 3 Define J=Q i



Then J¢R, T4, n5=4, 50 i uppor
bond i S ot (W,

Thes Zom's lowma, applies to g thak Y has
. Clomeris,

leh P€J b awx cemib.

Taw %y €R\P. Thin P02, Pr(p £3 by
ot P Py ddvitim ot J, P& nS#EL
md, Priyyns#4:

Jpa P dabeR: proxeS a gthye s

5 molbiplicabive

= (pra)igrhy) € S
P * pby *axg,* dbxy € 5

ER
Pn5=4

= ahyy £ P

=y £P

=P 5 print. ided
Debintion: Radical of ool T <R o

VL = {xeR) IneN: x"<I}
Obviougly
T E4T



AT -T
JeI = T eqT
Deuition: An sl TAR & yodid when [ =VI .

lemma | I = I (Px whow each Pr & o prit idea], then T
o jdta

Prot* Sopoe x €T . Then <" €L =Py 4r sm nell
Thus X"€ Py for coh A Becamw Py i print, Fhis
mpls %€ Py S0 x € NPy =T

De’ﬂmiﬂon V)l) r b Ghe mlradwal

Nite wil(R) = 0 ={xeR ) IneN:x"= 03 me pipdwibs of R,

TR & nilptent € dneh) : x"=0

Sice rag R = ﬂ M & on inmeckion of wax (e prime)
ideals, 1Y olds ™

' rodb R 15 @ odwd ideg)

VA = ud R
- (0) < rmd R

I = WR & Frdk -
Detintion” Ring R s sedced ¢ wiiR = 0).



Theowm® |+ L 4R, then, WJT:DPP.

P prie ideal

Pt Sy x VT, Detie 5= {4,x%52,..3. Then S
s mibipldie and, ST = 4. By proposibion, @ mex
ides) P amony deals ot K tht contuin L awly awid S

s a prine idegl,
Fon 5nP=4" we gt x2P, w0 x £[)P

| dad

Suppaw X¢JE , sy x"T all P21 5 q prire,
deal, then x" &L =P

hs Pis prime ;K € P, Thir s x éIQPE.
Cadlary: B T 4R, then T <R
Proot* By thearem, VI i the ifechin of (prime) idedls,

s on Jdeal.






